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We show that fermionic dipoles in a two-layer geometry form Cooper pairs with both singlet and
triplet components, when they are tilted with respect to the normal of the planes. The mixed parity
pairing arises because the interaction between dipoles in the two different layers is not inversion
symmetric. We use an efficient eigenvalue approach to calculate the zero temperature phase diagram
of the system as a function of the dipole orientation and the layer distance. The phase diagram
contains purely triplet as well as mixed singlet and triplet superfluid phases. We show in detail how
the pair wave function for dipoles residing in different layers smoothly changes from singlet to triplet
symmetry as the orientation of the dipoles is changed. Our results indicate that dipolar quantum
gases can be used to unambiguously observe mixed parity pairing.
I. INTRODUCTION
Time-reversal symmetry and inversion symmetry play
a key role in the formation of Cooper pairs. Anderson
showed that time-reversal symmetry ensures the exis-
tence of degenerate states for s-wave singlet Cooper pair-
ing [1], whereas triplet pairing relies on inversion sym-
metry [2]. The breaking of these symmetries has pro-
found effects on pairing. Superconductivity in crystals
with no inversion symmetry is intensely studied, since it
can lead to Cooper pairs with both spin-singlet and spin-
triplet components and therefore no definite parity [3, 4].
While there are many crystals lacking inversion symme-
try, only few experiments indicate mixed parity pairing.
Evidence for mixed parity pairing has been reported for
Li2Pt3B [5, 6], and measurements on CePt3Si crystals
are consistent with mixed parity pairing [7, 8], but can
also be attributed to multiband and disorder effects [9].
In this article, we show that dipolar fermions residing
in two parallel layers can form a superfluid characterised
by mixed parity pairing. The dipoles are aligned by an
external field, and when their dipole moment is tilted
with respect to the normal of the plane, the interaction
between dipoles residing in the two different layers is not
inversion symmetric, which leads to mixed parity pairing
with both singlet and triplet components. Using a com-
putationally efficient eigenvalue approach, we investigate
the competition between the mixed parity interlayer pair-
ing and the pairing between dipoles in the same layers,
which is in the triplet channel. We map out the result-
ing zero temperature phase diagram as a function of the
dipole tilting angle and the layer distance. Finally, we
demonstrate in detail how the interlayer pairing grad-
ually changes from being purely in the singlet channel
when the dipoles are perpendicular to the layers, to be-
ing purely in the triplet channel when they are parallel
to the layers.
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FIG. 1. Dipoles are moving in two layers separated by the
distance λ. An external field aligns the dipoles so that they
form an angle θ with respect to the normal of the planes.
Intralayer/interlayer Cooper pairs driven by the interaction
V↑↑/V↑↓ are indicated by blue and red ellipses respectively.
II. SYSTEM
We consider dipolar fermions of massm which reside in
two parallel layers separated by a distance λ. The dipoles
are confined in each layer by a strong harmonic potential
perpendicular to the layer (z-direction), which “freezes”
the dipoles in the lowest harmonic oscillator state in the
z-direction φ(z − zs) = exp[−(z − zs)2/2l20]π−1/4l−1/20 ,
where zs is the position of layer s along the z-direction
and l0 is the layer thickness. This confinement makes the
system effectively two-dimensional (2D). The density of
dipoles is n = k2F /4π in each layer where kF is the Fermi
momentum, and we denote dipoles in the upper layer as
(pseudo) spin ↑ and dipoles in the lower layer as spin
↓. The dipoles are aligned by an external field so that
their dipole moment d lies in the xz-plane forming an
angle θ with the normal to the layers. We illustrate the
setup in Fig. 1. The dipole-dipole interaction is V (r) =
D2(1 − 3 cos2 θrd)/r3, where θrd is the angle between d
and the relative displacement vector r of the two dipoles.
We have D2 = d2/4πǫ0 for electric dipoles and D
2 =
d2µ0/4π for magnetic ones.
2A. Effective 2D Hamiltonian
The effective interaction between dipoles in layer s and
s′ is obtained by integrating the dipole interaction V (r)
over the Gaussians centered in each layer: Vss′ (r⊥−r′⊥) =∫
dz
∫
dz′φ(z−zs)V (r−r′)φ(z′−zs′), where r⊥ = (x, y) is
the 2D position of a dipole in a layer. Importantly, we see
that the interlayer interaction is not inversion symmet-
ric, i.e. V↑↓(−r⊥) 6= V↑↓(r⊥) for 0 < θ < π/2. Instead,
it obeys the symmetry V↑↓(−r⊥) = V↓↑(r⊥) where the
two layers are interchanged, and inversion symmetry is
recovered only for θ = 0 and θ = π/2. On the other hand,
the intralayer interaction is always inversion symmetric
with V↓↓(r⊥) = V↑↑(r⊥) = V↑↑(−r⊥). Performing a 2D
Fourier transform yields [10]
V↑↑(q) = −2πD2F (l0q)[cos2 θ − sin2 θ cos2 φ] (1)
for the intralayer interaction, where F (x) =
q exp(x2/2)erfc(x/
√
2) and q = (qx, qy). Here, φ is
the azimuthal angle of q, and we have ignored a constant
term (depending on θ) in Eq. (1), since it plays no role
for identical fermions. The interlayer interaction is [11]
V↑↓(q) = 2πD
2(i cos θ − sin θ cosφ)2qe−λq (2)
for l0 ≪ λ. We have V↑↓(−k) = V↑↓(k)∗.
These interactions give the effective 2D Hamiltonian
for the bi-layer system
H =
∑
k,s
k2
2m
c†kscks +
1
V
∑
k,k′,q
V↑↓(q)c
†
k+q↑c
†
k′−q↓ck′↓ck↑
+
1
2V
∑
s
∑
k,k′,q
V↑↑(q)c
†
k+qsc
†
k′−qsck′scks, (3)
where we have used V↑↓(−q) = V↓↑(q). Here, V is the
volume of the system, and cks removes a dipole in layer
s =↑, ↓ with 2D momentum k.
III. PAIRING
The intra- and interlayer interaction has attractive re-
gions, and we will now examine the resulting Cooper pair-
ing between dipoles residing in the same layer (intralayer
pairing) as well as pairing between dipoles residing in the
two different layers (interlayer pairing).
A. Interlayer pairing
The interaction between dipoles in the two different
layers has attractive regions for all dipole angles θ. For
the special case of the dipoles perpendicular to planes
(θ = 0), the interlayer pairing has been examined us-
ing BCS theory without [12, 13] and with induced in-
teractions [14], with variational methods [15], as well
as with Monte-Carlo methods [16]. Here, we investi-
gate the nature of the interlayer pairing for a general
θ. To do this, we use BCS theory introducing the
anomalous average 〈c−k↓ck↑〉, which describes interlayer
pairing for a translationally invariant system. Defining
∆(k) = V−1∑k′ V↑↓(k − k′)〈a−k′↓ak′↑〉, the gap equa-
tion becomes
∆(k) = − 1V
∑
k′
V↑↓(k− k′)∆(k
′)
2Ek′
, (4)
where Ek =
√
ξ2k + |∆(k)|2 and ξk = k2/2m− µ with µ
the chemical potential. Due to Fermi statistics, we can
write the anomalous average as
〈a−ks′aks〉 = Aφt(k) · σx +Bφs(k) · σy , (5)
where σx = ( 0 11 0 ) and σy =
(
0 −i
i 0
)
are the Pauli ma-
trices, and A and B are constants. The coefficient A
corresponds to interlayer triplet pairing with φt(k) =
−φt(−k), and B corresponds to interlayer singlet pairing
with φs(k) = φs(−k). Since V↑↓(k) 6= V↑↓(−k) for 0 <
θ < π/2, it follows from Eq. (4) that ∆(k) 6= ±∆(−k).
Thus, a pure singlet or triplet pair wave function is not
a solution to Eq. (4), and the interlayer pairing has both
A and B different from zero corresponding to a mixed
parity. Note that this mixed parity pairing is due to an
interaction without inversion symmetry, in contrast to
the case of non-centrosymmetric metals where the pos-
sibility of mixed parity pairing arises due to a lack of
inversion symmetry of the underlying crystal lattice [17].
B. Intralayer pairing
The intra-layer interaction between two dipoles resid-
ing in the same layer has been shown to give rise to pair-
ing beyond a critical tilting angle θc ≃ arcsin(2/3) ≃
0.23π [18]. We include this pairing instability by the
anomalous averages 〈c−k↑ck↑〉 and 〈c−k↓ck↓〉. The in-
tralayer pairing is in the triplet channel, and for a sin-
gle layer, numerical calculations show that it is predom-
inantly of p-wave character with a small f -wave compo-
nent for some angles θ [18–20]. The gap equation for
intralayer pairing is obtained from Eq. (4) simply by re-
placing V↑↓ with V↑↑.
C. Eigenvalue analysis
We will investigate the competition between inter- and
intralayer pairing and in particular, what the ground
state of the system is for different tilting angles θ and
layer distances λ. To do this, we could solve in principle
solve the corresponding non-linear gap equations taking
a pairing field with a general symmetry. There is fortu-
nately a much simpler and more accurate approach. A
considerable effort has in recent years been put into the
3mathematical analysis [21–24] of the gap-equation (4) for
rather general pair interactions V (k − k′), in the ther-
modynamic limit V → ∞. For a comprehensive review
see [25]. Among other things it was rigorously proven
that, in the weak coupling limit, the critical tempera-
ture [22, 23], as well as the gap [23] ∆(kF ) on the Fermi
surface, depends only on the lowest eigenvalue of an ap-
propriate operator acting on functions which are living
on the Fermi-surface. There is only pairing if this eigen-
value is negative. For a circular Fermi-surface in 2D this
operator has the specific form
AV u(ϕ) =
1
4π
∫ 2pi
0
V (ϕ, ϕ′)u(ϕ′) dϕ′ , (6)
where V (ϕ, ϕ′) ≡ V (kF (cosϕ−cosϕ′), kF (sinϕ−sinϕ′))
is the interaction potential between momenta at the
Fermi surface with azimuthal angles ϕ and ϕ′. The low-
est eigenvalue e(V ) of the operator AV plays the role of
the scattering length in the sense that [22, 23]
Tc(V ) ≃ 8e
γ−2
π
e
1
kF e(V ) . (7)
Since the operator AV given by Eq. (6) is linear and
acts on functions living on the Fermi surface only, it is
numerically much easier to analyse, compared to solving
the full non-linear gap equation in the whole of k-space.
Indeed, our approach based on Eq. (6) allows us to obtain
accurate results in the weak coupling limit for both intra-
and interlayer pairing without too much numerical effort.
The numerical method is described in App. A.
IV. PHASE DIAGRAM
We now use this eigenvalue approach to examine the
ground state of the system. For all numerical calcula-
tions, we use the layer thickness kF l0 = 0.11. Since the
relative strength of the intrashell and intershell pairing
is independent of the dipole moment D, the nature of
the ground state depends only on the two dimensionless
parameters θ and kFλ. For given values of θ and kFλ,
the ground state is determined by the lowest negative
eigenvalue of AV : If e(V↑↓) < e(V↑↑) the ground state is
a superfluid with interlayer pairing, whereas the ground
state is an intralayer superfluid if e(V↑↑) < e(V↑↓). Note
that e(V↑↓) < 0 for all θ. The possibility of simultaneous
interlayer and intralayer pairing is not considered here,
since the presence of one order parameter typically sup-
presses other kinds of order by gapping the Fermi surface.
In Fig. 2, we plot the resulting T = 0 phase diagram.
For θ < θc ≃ 0.23π, there is no intralayer pairing and
the ground state is therefore a superfluid with interlayer
pairing for all layer separations kFλ. Of course, the crit-
ical temperature of the superfluid is vanishingly small
for large separations, since the interlayer interaction be-
comes very small. In the limit of large layer separation
kFλ≫ 1, the intralayer pairing therefore wins as soon as
θ/pi
k
F
λ
0.0 0.5
0.224
1.68
interlayer
pairing
intralayer
pairing
FIG. 2. The ground state of the bi-layer system as a function
of θ and kFλ. For θ ≤ θc ≃ 0.23pi (vertical dashed line),
the interlayer pairing always dominates since AV↑↑ has no
negative eigenvalue.
θ > θc as is indicated by the vertical dashed line in Fig.
2. When the layer distance decreases and the strength of
the interlayer interaction increases, Fig. 2 shows how the
interlayer superfluid is the ground state for increasingly
large angles θ beyond θc. We have not plotted the phase
diagram for very small kFλ since the condition l0 ≪ λ
for using Eq. (2) breaks down in this regime.
To illustrate how the phase diagram is obtained, we
plot in Fig. 3 the lowest eigenvalues e(V↑↓) and e(V↑↑)
corresponding to interlayer and intralayer pairing respec-
tively, as a function of kFλ for θ = π/3, and as a function
of θ for kFλ = 1. The system exhibits a quantum phase
transition between inter- and intralayer pairing when the
eigenvalues cross. Note that it is crucial for obtaining
e(V↑↑) that only eigenvalues corresponding to antisym-
metric eigenfunctions are allowed.
V. SYMMETRY OF THE INTERLAYER
PAIRING
We now discuss in more detail the symmetry of the in-
terlayer pairing. Figure 4 shows the interlayer pair wave
function α(ϕ), which is the eigenfunction of AV↑↓ with the
lowest eigenvalue, as a function of the azimuthal angle ϕ
on the Fermi surface, for three different tilting angles:
θ = 0, θ = π/4, and θ = π/2. The layer distance is
kFλ = 1. As expected, the pair wave function is purely
singlet s-wave for θ = 0 reflecting that the interlayer in-
teraction is rotationally symmetric when the dipoles are
perpendicular to the layers. When θ = π/4 on the other
hand, we see that the pair wave function has no definite
parity with α(ϕ + π) 6= ±α(ϕ) corresponding to both
A 6= 0 and B 6= 0 in Eq. (5). The pairing is purely in
the triplet channel with α(ϕ + π) = −α(ϕ) for θ = π/2,
where the interlayer is inversion symmetric.
To quantify the symmetry of the pair wave func-
tion further, we split it into a symmetric and an anti-
4θ = pi/3
kFλ
e(
k
F
λ
)
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FIG. 3. Lowest eigenvalues e(V↑↓) (red) and e(V↑↑) (blue) as
a function of the layer distance and the tilting angle respec-
tively.
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FIG. 4. Angular dependence of the eigenfunctions α of AV↑↓
(real parts solid, imaginary parts dashed) for kFλ = 1. Since
the dipole orientation is in the xz-plane, we always have
α(ϕ) = α(−ϕ).
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FIG. 5. The coefficients cS (solid) and cA (dashed) giving the
symmetric (singlet) and antisymmetric (triplet) components
of the interlayer pair wave function respectively, as a function
of θ for kFλ = 1.
symmetric part writing
α(ϕ) =
α(ϕ) + α(ϕ+ π)
2︸ ︷︷ ︸
=:αS(ϕ)
+
α(ϕ) − α(ϕ+ π)
2︸ ︷︷ ︸
=:αA(ϕ)
. (8)
From this, we can define the symmetry coefficients
cS,A :=
∫ 2pi
0 |αS,A(ϕ)|2 dϕ∫ 2pi
0
|α(ϕ)|2 dϕ
, (9)
where cS gives the singlet component of the pair wave
function and cA the triplet component. Note that we
have cS + cA = 1 by construction.
In Fig. 5, we plot these symmetry coefficients for the
interlayer pairing as a function of θ for the layer distance
kFλ = 1. For θ = 0 where the interaction is inversion
symmetric, cS = 1 and cA = 0 since the pair wave func-
tion is purely in the singlet channel. Both cS and cA are
non-zero for 0 < θ < π/2 reflecting the mixed parity pair-
ing. The triplet component cA increases with increasing
θ whereas cS decreases, and the pair wave function is
purely in the triplet channel with cS = 0 and cA = 1 for
θ = π/2, where inversion symmetry is recovered.
VI. DISCUSSION
Dipole-dipole interactions have been shown within
Hartree-Fock theory to give rise to a elliptic Fermi sur-
face for θ > 0 [26], and we should in principle include
this in our analysis [27]. However, since the symmetry of
the interaction is independent of such effects, the main
results of this paper, the mixed parity interlayer pairing
for 0 < θ < π/2 remain valid when Hartree-Fock effects
are included. In particular, there will only be small quan-
titive changes to the phase diagram, especially for weak
coupling.
Although our results were derived using a weak cou-
pling approach, we expect them to hold also for stronger
coupling, since they follow directly from the symmetry
of the interaction. As the superfluid critical temper-
ature increases with the coupling strength, this opens
5up the possibility to experimentally unambiguously ob-
serve mixed parity pairing with dipolar gases. Impressive
experimental progress in trapping and cooling fermionic
molecules with a large dipole moment have recently been
reported [28, 29]. The symmetry of the pair wave func-
tion can be detected in time-of-flight (TOF) experiments,
as has been explicitly demonstrated for the intralayer
triplet pairing [20]. TOF experiments have been suc-
cessfully used to detect various correlation functions in
atomic gases [30–32].
The interaction cannot be made too strong however,
since the system is then predicted to enter a striped
(charge-density-wave) phase [33–40]. We expect the
stripes to suppress the s-wave pairing. On the other
hand, p-wave pairing can co-exist with the striped phase,
since it is mainly formed in regions left ungapped by
the stripes [20]. This leads to the intriguing possibil-
ity of forming a supersolid with interlayer pairing and
intralayer stripes.
Mixed parity pairing is predicted to lead to several in-
triguing effects related to transport and topological prop-
erties of noncentrosymmetric crystals [41–43]. It is an in-
teresting question whether similar effects appear for the
present system, where the lack of inversion symmetry
appears through the interaction and not through an un-
derlying crystal structure.
VII. CONCLUSIONS
We demonstrated that dipolar fermions residing in two
parallel layers can form interlayer pairing with both sin-
glet and triplet components. This mixed parity pairing
arises because the interlayer interaction is not inversion
symmetric when the dipole moments are tilted with re-
spect to the normal of the plane. We used an efficient
and accurate eigenvalue method to investigate the com-
petition between the interlayer pairing and the intralayer
pairing, which is in the triplet channel, and the result-
ing zero temperature phase diagram was calculated. We
showed how the interlayer pair wave function smoothly
changes from singlet symmetry for θ = 0 to triplet sym-
metry for θ = π/2. Our results indicate that dipolar
gases can be used to unambiguously observe mixed par-
ity pairing.
Appendix A: Numerical Method
In order to examine the spectrum of the integral opera-
tor (6), we use the linear span of the N ≫ 1 characteristic
functions
bn(p) =
1
Nnχ[ 2piN (n−1), 2piN n](ϕp)
where n = 1, . . . , N . Here, ϕp denotes the polar angle
corresponding to p. With the normalization constants
N
2
n =
√
2
a2 + b2
∫ 2pi
N
n
2pi
N
(n−1)
dϕ
√
1 +
a2 − b2
a2 + b2
cos(2ϕ) ,
these functions (bn)
N
n=1 form an orthonormal basis with
regard to the inner product
〈f |g〉 := 2
a2 + b2
∫
Ωa,b
f(p)g(p) dp ,
where Ωa,b denotes the ellipse with half-axes a and b. The
eigenvalues of the matrix formed by Mmn = 〈bm|AV bn〉
are an approximation for the desired spectrum. Note
that M is in fact hermitian. In the calcuations, we used
N = 600 functions.
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